New classes of exact multi-soliton solutions of KP-1 and KP-2 versions of Kadomtsev-Petviashvili equation with integrable boundary condition u y y=0 = 0 by the use of ∂-dressing method of Zakharov and Manakov are constructed in the paper. General determinant formula in convenient form for such solutions is derived. It is shown how reality and boundary conditions for the field u(x, y, t) in the framework of ∂-dressing method can be satisfied exactly. Explicit examples of two-soliton solutions as nonlinear superpositions of two more simpler "deformed" one-solitons are presented as illustrations: the fulfillment of boundary condition leads to formation of bound state of two more simpler one-solitons, resonating eigenmodes of u(x, y, t) in semi-plane y ≥ 0 as analogs of standing waves on the string with fixed end points.
Introduction
The famous Kadomtsev-Petviashvili (KP) equation [1] - [9] :
x u yy = 0, (1.1) with σ = i for KP-1 and σ = 1 for KP-2, can be represented as compatibility condition in the well known Lax form [L 1 , L 2 ] = 0 of two linear auxiliary problems [2] , [3] :
(1.
2)
The first linear problem (1.2) with y variable as "time" represents: nonstationary Schroedinger equation -for KP-1 case with σ = i, diffusion or heat equation -for KP-2 case with σ = 1. KP-equation (1.1) is the first discovered remarkable integrable example from now known long list of 2+1-dimensional integrable nonlinear equations. This equation has been well studied: several classes of exact solutions, hamiltonian and recursion structures, Cauchy problem, etc. have been analyzed by different methods see examples in [2] - [11] .
In the present paper new classes of exact multi-soliton solutions of KP equation (1.1) with integrable boundary condition [19] , [20] u y (x, y, t)| y=0 = ∂u(x, y, t) ∂y y=0 = 0 (1.3)
for both versions KP-1 and KP-2 are constructed via ∂-dressing method of Zakharov and Manakov [5] - [17] . The concept of integrable boundary conditions compatible with integrability for integrable nonlinear equations was first introduced in the paper of Sklyanin [18] . In subsequent works of Habibullin et al [19] - [24] and others [25] this concept to several of integrable nonlinear equations has been applied for different types of equations: difference equations, 1+1-dimensional and 2+1-dimensional integrable nonlinear differential and integro-differential equations; a list of integrable boundary conditions for known 2+1-dimensional nonlinear equation such as KP, mKP, Nizhnik-Veselov-Novikov, Ishimori, Davey-Stewartson and so on with some examples of corresponding solutions have been proposed and calculated [19] - [25] . A. S. Fokas et al obtained interesting results via so called Unified Approach to Boundary Value problems, see book [26] , where was demonstrated the applicability of this method for one-dimensional and multi-dimensional linear and nonlinear differential equations. The construction of exact multi-soliton solutions of 2+1-dimensional integrable nonlinear equations with integrable boundaries also can be effectively done by powerful ∂-dressing method of Zakharov and Manakov [5] - [17] . This was demonstrated at first in the paper of Dubrovsky, Topovsky and Ostreinov [27] where KP-2 equation with integrable boundary condition (u xx + σu y )(x, y, t)| y=0 = 0 being considered.
In the present paper the calculations [27] via ∂-dressing of exact solutions for KP equation with another integrable boundary [19] , [20] , i.e. u y | y=0 = 0, are continued. It is shown how the boundary condition (1.3) and condition of reality u = u in construction of exact multi-soliton solutions of KP equation (1.1) can be effectively satisfied in the framework of ∂-dressing method exactly by direct calculations with determinant forms of exact solutions. The restrictions from reality and integrable boundary conditions (obtained by the use of "limit of weak forms" ) are also are applied but final results are checked in general explicit form with determinant formulas for exact solutions.
The paper is organized as follows. The first section is Introduction. In second section we reviewed the basic formulae of ∂-dressing for KP equation (1.1), derived general determinant formula in convenient form for KP equation and the restrictions from reality and boundary conditions in the limit of weak fields. In the following third and fourth sections new classes of multi-soliton solutions for KP-1 and KP-2 versions of KP equation are constructed and illustrated by the simple examples of two-soliton solutions. It is shown that imposition of integrable boundary condition u y | y=0 = 0 leads to formation of eigenmodes of field u(x, y, t) in semi-plane y ≥ 0, or to certain bound state of several coherently connected with each other one-solitons. These eigenmodes of u(x, y, t), propagating along x-axis with some velocity, resemble the standing waves on elastic string, arising from corresponding boundary conditions at endpoints of a string.
2. Basic formulas of ∂-dressing for KP equation, restrictions from reality and boundary conditions, determinant formula for exact multi-soliton solutions First general formulas of ∂-dressing method of Zakharov and Manakov in applications for KP equation are reviewed [5] - [14] . Central object of ∂-dressing is wave function χ(λ, λ; x, y, t) which is the function of spectral variables λ, λ and spacetime variables x, y, t. This function is connected with wave function ψ(λ, λ; x, y, t) of linear auxiliary problems (1.2) for KP (1.1) by the formula [10] , [11] :
Herein full notations χ(λ, λ; x, y, t), F (λ; x, y, t), R 0 (µ, µ; λ, λ), etc. as short notations are indicated with restriction to corresponding dependence on spectral variables λ, λ (or more shorter simply on λ) as χ(λ, λ) or χ(λ), F (λ); ψ(λ, λ) or ψ(λ), R 0 (µ, λ), respectively. Basic equation of ∂-dressing method is the so called ∂-problem [10] , [11] or equivalent to it singular integral equation for wave function χ(λ, λ):
with kernel R 0 (µ, µ; λ, λ) (in short R 0 (µ, λ)). In (2.3) due to (1.2), (2.2), (2.1) the canonical normalization of wave function χ| λ→∞ → 1 is possible and will be further used in our paper, as usual λ = λ R + iλ I , µ = µ R + iµ I are the notations for complex spectral variables. Reconstruction formula for solution u(x, y, t) of KP equation (1.1)
expresses u through the χ −1 coefficient of Taylor expansion of χ(λ, λ) in the neighborhood of λ = ∞: 3) one has for the coefficient χ −1 of (2.5):
For delta-form kernels of the type
with complex amplitudes A k and complex "spectral" points µ k , λ k , the wave function χ(λ, λ) due to (2.3) has the form
of the sum of N terms with simple poles at "spectral" points λ k . Such pole structure of wave function χ(λ, λ) on spectral variable λ is typical for quantum mechanics with basic Schrödinger equation where corresponding pole structures of quantum-mechanical wave functions from wave number, energy, momentum and so on as spectral variables are commonly used. Formula (2.8) expresses the general wave function χ(λ, λ) of arbitrary spectral variables λ, λ in terms of some kind of "basis" or basic set of N wave functions χ(µ k ) = χ(µ k , µ k ) at discrete k = 1, . . . , N "spectral" points µ k , corresponding to the choice (2.7) of the kernel R 0 (µ, λ). From (2.2), (2.3) and (2.7) one can obtain linear algebraic system of equations for the N wave functions χ(µ k ):
with F (µ) given by (2.2) . From (2.2)-(2.4) one can obtain in the "limit of weak fields" restrictions on the kernel R 0 (µ, λ) of ∂-equation ( 
The expression (2.12) in the "limit of weak fields" can be obtained as follows. For the wave function χ(µ, µ) in integrand (2.12) the approximate value χ(µ, µ) ∼ = 1 as the first iteration χ(µ, µ) ∼ = 1 for χ in (2.3) is chosen. Due to (2.2) the phase F (µ) − F (λ) in exponent (2.12) has important property: 
Under the requirement
from the right sides of (2.12) and (2.14) we concluded u y | y=0,(2.12) = −u y | y=0, (2.14) ⇒ u y | y=0 = 0, (2.16) i.e. the restriction (2.15) obtained in the limit of weak fields leads to satisfaction of boundary condition (1.3). It is evident that to the restriction (2.15) from boundary condition (1.3) satisfies the following delta-form kernel
with N paired terms of the type a 1k δ(µ − µ k )δ(λ − λ k ) and a 1k δ(µ + λ k )δ(λ + µ k ). All restrictions (2.10), (2.11) [10] , [11] (from reality condition u = u) and (2.15) (from boundary condition (1.3)) are obtained non rigously in the "limit of weak fields": for example under integrands in (2.12) and (2.14) the first iteration χ ∼ = 1 from ∂equation (2.2) is chosen. Nevertheless these restrictions (2.10), (2.11) and (2.15) can be used for the choice of kernel R 0 of ∂-equation (2.3) in constructions of exact solutions of KP equation (1.1) via general determinant form. Determinant formulas for exact solutions of KP can be derived by the following well known way, we repeated derivation introducing useful notations and rewrote corresponding formulas in convenient form.
Using general delta-form kernel R 0 (2.7) we derived the solution χ(µ k ) := χ(µ k , µ k ) (k = 1, . . . , N) of the system (2.9)
with matrixÃ given by definition in (2.9). Coefficient χ −1 (2.6) due to (2.7) and (2.18) took the form:
here instead of matrixÃ more convenient matrix A is defined by the following similarity transformation: 
Factoring from matrix A multipliers exp 1 2 F (µ k ) and 2A l π exp − 1 2 F (λ l ) we introduced yet another more symmetrical then A matrix N:
Using (2.21) and (2.22) we rewrote reconstruction formula (2.21) in terms of matrix N:
Keeping in mind the applications of determinant formula (2.23) for construction in the next sections of exact multi-soliton solutions of KP-equations (1.1) with integrable boundary (1.3) it is convenient to specialize general formulas (2.22), (2.23) for the use of kernels R 0 of the type (2.17). Introducing the set A k of amplitudes and the sets M k , Λ k of spectral points A k : (a 1 , a 1 ; a 2 , a 2 ; . . . ; a N , a N ), (k = 1, 2, . . . , 2N), (2.24)
we rewrote the kernel R 0 (2.17) with paired terms in the form of general kernel R 0 : 
Multi-soliton solutions of KP-1 equation, periodical on y
First we calculated the exact multi-soliton solutions of KP-1 equation for the case of solutions, periodical on y variable and decaying on x, t variables. Due to F (µ) (2.2) pure imaginary spectral points µ k = iµ k0 , λ k = iλ k0 with µ k0 = µ k0 , λ k0 = λ k0 correspond to such solutions. Indeed in this case we derived from definition (2.2) that
Further, the phases F (iµ k0 ), which are real on x, t variables and pure imaginary on y variable, will lead to oscillating in y and decaying x, t exact solutions of KP-1 equation. The simplest one-soliton solution corresponds to the kernel:
This kernel R 01 (3.2) does not satisfy to restriction (2.10) from reality u = u, because
The kernels R 01 (3.2) and defined by (3.3) R 02 correspond to complex one-soliton solutions u 1 and u 2 which can be calculated by the use of general determinant formula (2.23). For the kernel R 01 (3.2) matrix N (2.26) has the form
we derived from (3.4) and (2.23) corresponding to kernel R 01 complex one-soliton exact solution:
Complex one-soliton solution u 2 (x, y, t) corresponding to R 02 (3.3) can be calculated analogously and has the form: 
satisfies to both restrictions: from reality u = u (2.10) and boundary u y | y=0 = 0 conditions (2.15). This kernel with the sets M k , Λ k of spectral points and real amplitudes a l = a l , (l = 1, . . . , N) (2.24)-(2.26): 
For det N from (3.11), (3.12) we obtained the expression:
If we require:
, λ 10 µ 10 > 0, (3.15) then due to (3.13) det N = (µ 10 + λ 10 ) 2
The reconstruction formula (2.23) with (3.15), (3.16) gives the exact real nonsingular, due to |α| < 1 (3.16), two-soliton solution of KP-1 equation
(3.17) This exact nonsingular, due to |α| < 1 (3.16), one-periodical on the variable Y (y) solution, is even function of y, therefore u y | y=0 = 0, and integrable boundary condition and using the identity 
( 
Multi-soliton solutions of KP-1 equation, pure solitonic case
The kernels R 0 with conjugate to each other µ k = λ k spectral points correspond to pure solitonic solutions of KP-1 equation with nonoscillating behaviour on all coordinates x, y and time t variables. Indeed, for such kernels the phases
y)) (4.1) are real and nonoscillatory and one should to expect that corresponding multi-solitons solutions will be nonperiodical on all space-time variables.
The simplest one-soliton solution corresponds to the kernel:
This kernel R 01 due to the relation
for a 1 = a 1 satisfies the restriction of the reality condition (2.10) and via general formulas (2.20), (2.21) leads to corresponding exact real one-soliton solution. In considered case matrix N (2.26) has the form:
here due to (4.1)
Requiring
using reconstruction formula (2.23) we derived exact real nonsingular one-soliton solution u 1 (x, y, t) of KP-1 equation (1.1):
Exact real nonsingular one-soliton solution u 2 (x, y, t) that corresponds to the kernel
can be derived from (4.7) by the simple changes
. The simplest two-soliton solution of considered type corresponds to one pair of terms in (4.10), matrix N for this case has the form:
here
For det N from (4.12), (4.13) we derived the expression:
If we were able to represent the exact solution (4.17) as nonlinear superposition of exact solutions (4.7) and (4.9) with deformed phase Y D (4.19) in the form of the following sum: 3) and represents certain eigen-mode of the field u(x, y, t) in semi-plane y ≥ 0 propagating along x-axis with velocity V x = 4(µ 2 1I − 3µ 2 1R ); this resembles the formation of standing waves on elastic string due to corresponding boundary conditions at endpoints of the string.
Multi-soliton solutions of KP-1 equation with integrable boundaries, periodic on X(x, t) variables
To multi-soliton solutions, periodical on x, t-variables, leads delta-form kernel R 0 of ∂-
kR − 3µ kR µ 2 kI ) + 4µ kR µ kI y := 2 (iX k (x, t) + Y k (y)) (5.1) are pure imaginary on X(x, t) variable and real on Y (y) variable; this corresponds to oscillatory behavior of solutions on X(x, t) and decaying behavior on Y k (y).
The simplest one-soliton solution of considered type corresponds to the kernel R 01
the use of this kernel leads to the following matrix N (2.26) and det N:
In (5.3) for real amplitude a 1 the following relation with spectral point 
The solution (5.5) evidently periodical in X(x, t) variable and decaying in Y (y) variable. In order to construct exact periodical on X(x, t) solution u(x, y, t) satisfying to integrable boundary condition (1.3) we added to kernel (5.2) R 01 another kernel R 02 defined by the relation:
The exact one-soliton solution u 2 (x, y, t)| (µ 1 ,−µ 1 ) corresponding to (5.6) can be calculated analogously to u 1 (x, y, t)| (µ 1 ,−µ 1 ) and equal to u 1 given by (5.5) with the change µ 1I → −µ 1I and consequently, due to definitions of X(x, t) and Y (y) in (5.1), by the change Y → −Y in (5.5); so one obtains for u 2 :
One-soliton solutions (5.5) and (5.7) do not satisfy to integrable boundary condition (1.3), however they are usefull for the constructions of present section. The sum R 01 +R 02 of considered kernels (5.2) and (5.6) satisfies the restriction (2.15) from boundary condition (1.3), the same restriction is satisfied by more general kernel with N pairs of terms of the type (5.2) and (5.6) with real amplitudes a k :
This kernel can be rewritten in general form (2.25) with the set A k of amplitudes (2.24) and the sets M k , Λ k of spectral points:
A k : (a 1 , a 1 ; a 2 , a 2 ; . . . ; a N , a N ), (k = 1, ..., 2N);
Then general formulas (2.26), (2.23) give via reconstruction formula the exact multisoliton solution of KP-1 (2.23) in determinant form.
In the simplest case of one pair N = 1 of terms in (2.25) we have for matrix N (2.26):
we derived for det N from (5.10) and (5.11) : where boundary condition (1.3) is satisfied due to the fact that u(x, y, t) (5.14) is even function of y (through the cosh 2Y (y)). The considered solution propagates along x-axis with velocity V x = −4(µ 2 1R − 3µ 2 1I ). The graph of solution (5.14) on semi-plane y ≥ 0 is shown on figure (3) . This solution due to identity (3.19) can be rewritten as nonlinear superposition of two 
Multi-soliton solutions of KP-2 equation with integrable boundary, periodical on y variable
One-soliton exact solution of KP-2 equation, periodical on y, can be constructed by the use of the following R 01 kernel:
The phase F (µ 1 ) − F (µ 1 ) for this kernel, due to (2.2) with σ = 1, has the form:
Matrix N kl and det N in this case are given by expression
In (6.3) real amplitude a 1 connecting with with spectral point µ 1 = µ 1R + iµ 1I by following relation π a 1 = 1 µ 1I (6.4)
is chosen. Reconstruction formula (2.23) leads due to (6.3) to complex exact solution of KP-2:
For the kernel R 02 (µ, µ; λ, λ), defined through R 01 (6.1) in accordance with (2.11) by the formula:
corresponds the phase
and exact complex solution
The kernel R 01 + R 02 defined by (6.1) and (6.6) for real a 1 evidently satisfies the restriction (2.11) from reality condition u = u and the restriction (2.15) from boundary condition (1.3) . This restriction satisfies more general kernel with N pairs of terms of the type (6.1) and (6.6) with real amplitudes a k :
Using the set A k of amplitudes and the sets M k , Λ k of spectral points A k : (a 1 , a 1 ; a 2 , a 2 ; . . . ; a N , a N ), (k = 1, . . . , 2N);
we rewrote the kernel (6.9) in the form (2.7). Then general formulas (2.26), (2.23) give in considered case (6.9) via reconstruction formula corresponding exact multi-soliton solution of KP-2 (2.23) in general determinant form.
In the simplest case of one pair of terms in (2.25), i.e. for the simple kernel R 0 (6.9) with N = 1, matrix N kl (2.26) has the form:
here 13) under the requirement π a 1 = ± µ 1R µ 1I |µ 1 | (6.14)
we derived the following simple expression: and corresponding exact two-soliton solution that has the form:
u(x, y, t) = 2 ∂ 2 ∂x 2 ln det N = 8µ 2
This is exact real and due to |α| > 1 (6.15) singular, periodical in y solution of KP-2 equation (1.1) with integrable boundary condition (1.3). Boundary condition (1.3) is satisfied due to the fact that u(x, y, t) (6.16) is even function of y (through the cos 2Y (y)). The considered solution propagates along x-axis with velocity V x = 4(µ 2 1I − 3µ 2 1R ). The graph of solution (6.16) on semi-plane y ≥ 0 is shown on figure (4) .
By the use of identity (3.19) this solution can be represented as nonlinear superposition of two complex-valued Two terms in (6.17) did not coincide with u 1 (6.5) and u 2 (6.8), these terms are not the exact solutions of KP-2, but their sum is exact real two-soliton solution of KP-2 equation (1.1). The solution (6.17) corresponds to some kind of "bound state" of two one-solitons (6.5) and (6.8), such bound state arises as result of imposition of boundary condition u y | y=0 = 0 and represents "eigen-mode" of oscillations of the field u(x, y, t) in semi-plane y ≥ 0.
Multi-soliton solutions of KP-2 equation with integrable boundary, pure solitonic case
To pure solitonic solution of KP-2 (1.1) equation correspond the kernel R 0 (µ, µ; λ, λ) of ∂-equation (2.3) with pure imaginary spectral points µ k = iµ k0 , λ k = iλ k0 , µ k0 = µ k0 , λ k0 = λ k0 . Indeed the phase F (iµ 0 ) for µ 0 = µ 0 (2.2) is real and all exponents in ∂-equation (2.3) will be nonoscillatory. We have the following expressions for useful phases:
The simplest kernel
leads to one-soliton solution. Matrix N kl for (7.2) due to (2.26) has the form:
here for convenience the relation between amplitude a 1 and spectral points µ 10 , λ 10 π 2a 1 = 1 µ 10 − λ 10 (7.4)
is chosen. Real one-soliton solution corresponding to (7. 3) due to (2.23) has the form: The solutions u 1 (7.5) and u 2 (7.7) are useful for constructions of present section. The sum R 01 + R 02 of kernels (7.2) and (7.6) or more general kernel R 0 with N pairs of terms, similar to (7.2) and (7.6)
(a k δ(µ − iµ k0 )δ(λ − iλ k0 ) + a k δ(µ + iλ k0 )δ(λ + iµ k0 )), a k = a k , (7.8) satisfies restrictions (2.11) and (2.15) from reality u = u and boundary (1.3) conditions and leads to N pairs of bounded with each other solitons of the type (7.5) and (7.7) . Using the set A k of amplitudes and the sets M k , Λ k of spectral points A k : (a 1 , a 1 ; a 2 , a 2 ; . . . ; a N , a N ), (k = 1, . . . , 2N); M k : (iµ 10 , −iλ 10 ; iµ 20 , −iλ 20 ; . . . ; iµ N 0 , −iλ N 0 ), Λ k : (iλ 10 , −iµ 10 ; iλ 20 , −iµ 20 ; . . . ; iλ N 0 , −iµ N 0 ), (7.9) we rewrote the kernel (7.8) 
For det N we derived det N = π 2 4a 2 1 e X + (µ 10 + λ 10 ) 2 4λ 2 10 µ 2 10 (µ 10 − λ 10 ) 2 e −X + π 2a 1 (µ 10 − λ 10 ) e Y + e −Y .(7.11)
Imposing on amplitude a 1 and λ 10 , µ 10 for convenience the relation π 2 a 2 1 = (µ 10 + λ 10 ) 2 λ 10 µ 10 (µ 10 − λ 10 ) 2 , λ 10 µ 10 > 0, (7.12) we simplified the expression for det N:
det N = (µ 10 + λ 10 ) 2 2µ 10 λ 10 (µ 10 − λ 10 ) 2 (cosh X + α cosh Y ) , (7.13) here due to definitions (7.1)
X(x, t) = (µ 10 − λ 10 )x − 4t(µ 3 10 − λ 3 10 ), Y (y) = (µ 2 10 − λ 2 10 )y, α := ± 2 √ µ 10 λ 10 (µ 10 + λ 10 )
, |α| ≤ 1.
Corresponding exact real two-soliton solution has the form:
The solution (7.15) is real and evidently for |α| < 1 nonsingular two-soliton solution of KP-2 equation with integrable boundary condition (1.3). Boundary condition (1.3) is satisfied due to the fact that u(x, y, t) (7.15) is even function of y (through the cosh Y (y)). The considered solution propagates along x-axis with velocity V x = 4(µ 2 10 +µ 10 λ 10 +λ 2 10 ). The graph of solution (7.15) on semi-plane y ≥ 0 is shown on figure (5) .
Using the identity (3.19) and introducing for α > 0 instead of Y (y) modified phase we obtained the exact two-soliton solution (7.15) as nonlinear superposition of onesoliton solutions u 1 (x, y, t) (7.5) and u 2 (x, y, t) (7.7)
Two terms in (7.17) did not coincide with u 1 (7.5) and u 2 (7.7), these terms are not the exact solutions of KP-2, but their sum is exact real two-soliton solution of KP-2 equation (1.1). In some sense (7.17) corresponds to bound state of two one-solitons (7.5) and (7.7), such bound state arises as result of imposition of boundary condition u y | y=0 = 0 and represents "eigen-mode" state of the field u(x, y, t) in semi-plane y ≥ 0.
Multi-soliton solutions of KP-2 equation with integrable boundaries, periodical on X(x, t) variables
Next, we construct multi-soliton solution of KP-2 equation (1.1) corresponding to the kernel R 0 (µ, µ; λ, λ) of ∂-equation (2.3) with real spectral points µ k = µ k , λ k = λ k . In this case the phase F (µ k ) (2.2) is real on y variable and pure imaginary on x, t variables:
For phases F (µ k ) − F (λ l ) in the matrices A kl (2.20) and N kl (2.26) we derived the following useful expressions:
leads evidently to complex-valued one-soliton solution. Matrix A kl , due to (2.20) and (8.2) for the choice 2a 1 π(µ 1 −λ 1 ) = 1, has the form:
and one-soliton solution calculated by the use of reconstruction formula (2.23) and (8.4) has the form:
To the kernel R 02 (µ, µ; λ, λ) defined by the formula
corresponds to complex one-soliton solution u 2 (x, y, t) which can be obtained from u 1 by the change µ 1 ↔ −λ 1 :
These simple one-soliton solutions ( A k : (a 1 , a 1 ; a 2 , a 2 ; . . . ; a N , a N ), (k = 1, ..., 2N);
can be rewritten in general form (2.7): 
A kl (8.11) for N = 1 case of kernel R 0 (8.8) with one pair of terms of the type (8.3) and (8.6) has the following form:
For det N (8.12) we obtained:
Required in (8.13)
we derived simple expression for for det N:
, |α| ≤ 1.(8.16) The reconstruction formula (2.21) gives finally the exact real two-soliton solution:
u(x, y, t) = 2 ∂ 2 ∂x 2 ln det N = −2(µ 1 −λ 1 ) 2 1 + α cos(X 1 + π 2 ) cosh Y 1 (cos(X 1 + π 2 ) + α cosh Y 1 ) 2 .(8.17) The solution (8.17) is real and, due to |α| ≤ 1, singular two-soliton solution of KP-2 equation with integrable boundary condition (1.3). Boundary condition (1.3) is satisfied due to the fact that u(x, y, t) (8.17) is even function of y (through the cosh Y 1 (y)). The considered solution, periodic in the phase X 1 (x, t), propagates along x-axis with velocity V x = −4(µ 2 1 + µ 1 λ 1 + λ 2 1 ). The graph of solution (8.17) on semi-plane y ≥ 0 is shown on figure (6) .
Using the identity (3.19) we rewrote real two-soliton solution (8.17) in the form of the sum of two simple one-soliton solutions u 1 (8.5) and u 2 (8.7)
u(x, y, t) = u 1 | (µ 1 , λ 1 ) 
Conclusions
In the present paper we derived new classes of exact real multi-soliton solutions of KP-1,2 equations with integrable boundary condition u y | y=0 = 0 and developed general scheme for this in framework of ∂-dressing method. We demonstrated that reality u = u and boundary conditions for solutions u can be effectively satisfied exactly and this leads to some restrictions on parameters of solutions, i.e. on amplitudes A k and spectral points µ k , λ k of delta-form kernel R 0 of ∂-problem (2.3).
We presented the simplest examples of real two-soliton exact solutions (nonsingular and singular) as illustrations. These calculated in the paper solutions belong to the class of solutions with integrable boundary conditions.The imposition on the field u of boundary condition (1.3) leads to formation of bounded with each other simple onesolitons, the eigenmodes of the field u(x, y, t) on semi-plane y ≥ 0. Such eigenmodes of coherently connected with each other simple solitons propagate with some velocity along x-axis.
We also demonstrated the effectiveness of ∂-dressing in calculations of multi-soliton solutions with integrable boundary condition. The developed in present paper procedure for calculation via ∂-dressing of new classes of exact real multi-soliton solutions can be effectively applied to all other integrable (2+1)-dimensional nonlinear equations, these research is now in progress and corresponding results will be published elsewhere.
An exciting physical applications of calculated in the present paper exact multisoliton solutions of KP equation should be noted. KP equation can be applied for description of fluids flows in thin films on inclined surfaces in Earth gravity field. There may be, due to some specific experimental boundary conditions, some kind of fluid "excitations" in such films, periodical or solitonic waves, that could be observed by hydrodynamics experimentalists.
